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SIMPLE CURRENT ACTIONS OF CYCLIC GROUPS
TAMAS VARGA
Abstrat. Permutation ations of simple urrents on the primaries of a Ra-
tional Conformal Field Theory are onsidered in the framework of admissible
weighted permutation ations. The solution of admissibility onditions is pre-
sented for yli quadrati groups: an irreduible WPA orresponds to eah
subgroup of the quadrati group. As a onsequene, the primaries of a RCFT
with an order n integral or half-integral spin simple urrent may be arranged
into multiplets of length k2 (where k is a divisor of n) or 3k2 if the spin of the
simple urrent is half-integral and k is odd.
1. Introdution
The onstrution of orrelation funtions from onformal bloks is restrited in a
Rational Conformal Field Theory by requiring the invariane of physial quantities
under the ation of mapping lass groups [1, 2℄. The most important ase is that of
the torus partition funtion - it has to be an invariant of the representation of the
modular group SL(2,Z) on the haraters of the theory. The modular representa-
tion is determined by matries S and T (indexed by the primaries of the theory)
orresponding to modular transformations τ → −1/τ and τ → τ+1, respetively. S
is symmetri, unitary, its square is the harge onjugation matrix, and T is a nite
order diagonal matrix. Symmetries of the modular representation turned out to be
the most eetive tool in onstruting modular invariant partition funtions. One
of these symmetries is provided by simple urrents [3, 4, 5, 6, 9℄ - the orrespond-
ing simple urrent modular invariants yield most of the known modular invariant
partition funtions [7℄.
Simple urrents are primary elds whose fusion with any primary eld ontains
only one term, i.e. whose fusion matrix is a permutation matrix
N qαp = Π(α)
q
p = δ
q
αp. (1)
Other equivalent denitions of simple urrents ould be used: they are the primaries
whose fusion with their harge onjugate gives the vauum alone, or, in unitary
theories, the primaries with quantum dimension dp = Sp0/S00 = 1. It follows from
the assoiativity and ommutativity of the fusion ring that they form an abelian
group under fusion, known as the the simple urrent group, or the enter of the
1
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fusion ring. The fusion of simple urrents with other primaries of the theory gives
a permutation ation of the simple urrent group on the set of primaries.
It is known from Verlinde's theorem [8℄ that fusion matries are diagonalized by
S, whih applied on (1) yields
Sqαp = θ(q, α)S
q
p , (2)
where the omplex number θ(q, α) is the (exponentialized) monodromy harge of the
primary q with respet to the simple urrent α. The above equation is a symmetry of
the S matrix, whih relates its rows in the same orbit of the permutation α. In fat,
it an be shown using Verlinde's theorem and unitarity, that if α is a permutation
satisfying (2), then α0 is a simple urrent, where 0 denotes the vauum. Therefore,
these symmetries of the S matrix are in one-to-one orrespondene with simple
urrents and are alled simple urrent symmetries.
Simple urrents have various other uses besides the already mentioned simple
urrent modular invariants: they are used in the GSO projetion in string theory
[12℄, through simple urrent extension they allow us to onstrut a new vertex op-
erator algebra and modular representation [10, 11℄ from a known one, and they
are also used in the determination of the projetive kernel of modular represen-
tation [13℄. In most of these appliations the monodromy harges dened in (2)
play an important role, but hardly any more properties of the modular representa-
tion are needed. This suggests to onsider simple urrents and monodromy harges
separately from the modular representation - that approah lead in [6℄ to the in-
trodution of weighted permutation ations.
The monodromy harges an be expressed using the onformal weights ∆p and
the entral harge of the theory c as follows. Let ω(p) denote the diagonal entry of
T orresponding to the primary eld p
ω(p) = T pp = exp(2pii(∆p −
c
24
)),
and let ϑ(α) = ω(α)/ω(0) = exp(2pii∆α). Using (2) and the modular relation
STS = T−1ST−1 one may express θ(p, α) in terms of ω as
θ(p, α) =
ω(p)ω(α)
ω(αp)ω(0)
=
ω(p)
ω(αp)
ϑ(α). (3)
The above equation shows that the monodromies may be replaed by the weight
funtion ω, whih turns out to be more suitable for the desription of simple ur-
rents. It follows from (2) that θ(p, αβ) = θ(p, α)θ(p, β), and substituting the above
expression for θ(p, α) yields
ω(αp)ω(βp)
ω(p)ω(αβp)
=
ϑ(α)ϑ(β)
ϑ(αβ)
. (4)
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If p is hosen to be a simple urrent γ, one obtains the following equality for ϑ
ϑ(αβ)ϑ(βγ)ϑ(γα) = ϑ(α)ϑ(β)ϑ(γ)ϑ(αβγ). (5)
In a unitary theory one may also show that
ϑ(αn) = ϑ(α)n
2
. (6)
These two properties dene ϑ to be a quadrati form (written multipliatively) on
the abelian group of simple urrents G, and the pair (G, ϑ) is alled a quadrati
group. A weighted permutation ation (WPA) of a quadrati group (G, ϑ) is a pair
(X,ω) suh that the group G ats by permutations on the nite set X , and the
funtion ω : X 7→ C∗ satises (4). X is alled the support of the WPA, ω its weight
funtion, and |X | the degree of the WPA.
These results give a mathematial formalization of simple urrent symmetries:
the group of simple urrents together with ϑ = exp(2pii∆α) is a quadrati group
and its permutation ation on the set of primaries together with ω(p) is a weighted
permutation ation of it. The latter is alled the simple urrent WPA assoiated
to the RCFT.
Weighted permutation ations an be ompletely lassied in terms of oset
WPA-s - the details are given in the next setion. One we know the lassiation,
it is natural to ask: what haraterizes those WPA-s that are assoiated to some
RCFT. In [6℄ three neessary onditions were found, and the WPA-s satisfying
these were alled admissible. The solution of the admissibility onditions for a
given quadrati group amounts to nding a nite number of irreduible WPA-s.
This an be done in priniple for any quadrati group, but the omplexity of the
problem grows rapidly. Therefore, the solution is known only for the most trivial
quadrati groups: e.g. prime order yli groups or some abelian groups of low
order. Our aim is to present the solution for yli quadrati groups. Note that
not all of these solutions is realized by some RCFT. Nevertheless, it provides us
with non-trivial information about what the primary eld ontent (inluding the
dierenes of onformal weights in the same orbit) and simple urrent ation may
be in any RCFT. This would allow us, among others, to desribe the possible
modular invariants of yli simple urrent groups. Moreover, for some WPA-s, the
orresponding simple urrent symmetry (2), together with non-linear equations like
unitarity or S2 = C, ompletely determines the modular representation.
In the next setion we shall shortly review some results of [6℄ in order to formulate
the admissibility onditions. In Setion 3 we give examples of admissible WPA-s.
In partiular, Example 3 provides a general onstrution of an irreduible WPA
orresponding to eah subgroup of a quadrati group. Setion 4 is devoted to the
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proof of Theorem 1, whose immediate onsequene is that in the ase of yli
quadrati groups the irreduibles of Example 3 exhaust the set of all irreduible
WPA-s.
2. Admissible weighted permutation ations
Let us review some elements of the theory of permutation ations that may
be generalized for WPA-s. A WPA is alled transitive if it onsist of a single G
orbit. Given two WPA-s (X1, ω1) and (X2, ω2), it is straightforward to dene their
diret sum, whose support is the set X1 ∪ X2. Two WPA-s (X,ω) and (X ′, ω′)
are onsidered equivalent if they are equivalent as permutation ations, and if their
weight funtions dier by a fator whih is loally onstant on G orbits - note that
suh resalings are allowed by (4).
The radial of (G, ϑ) is the quadrati group (
√
G,
√
ϑ) where
√
G = {α ∈ G|
ϑ(α, β) = ϑ(α)ϑ(β) ∀β ∈ G} and √ϑ is the restrition of ϑ to √G. It follows from
the fat that
√
ϑ is both a harater and a quadrati form on
√
G that the allowed
values of
√
ϑ are ±1. √ϑ(α) = −1 is allowed only if α is of even order.
Transitive WPA-s may be lassied up to equivalene as follows. Let ξ be a
harater of
√
G and H a subgroup of ker(ξ
√
ϑ). Further, let X be the oset spae
X = G/H on whih G ats by left translations and ω(αH) = ϑ(α)/ξ∗(α), where ξ∗
is any harater of G whose restrition to
√
G equals ξ. Then (X,ω) is a transitive
WPA of (G, ϑ) alled a oset WPA, whose equivalene lass shall be denoted as
W [H, ξ]. The oset WPA is well dened and is determined by ξ - dierent hoies
for ξ∗ lead to equivalent WPA-s. With this lassiation of transitive ations we
may always write a WPA Φ = (X,ω) as a diret sum of oset WPA-s
Φ =
⊕
i∈I
niW [Hi, ξi]. (7)
Therefore, a WPA is determined by the non-negative integer multipliities ni up to
equivalene.
The oset WPA R =W [1, ξ0], where 1 is the trivial subgroup and ξ0 is the trivial
harater of G, is alled the regular WPA. The importane of the regular WPA lies
in the fat that it represents the transitive omponent ontaining the vauum in
any simple urrent WPA.
There is another numerial haraterization of WPA-s. To eah WPA we may
assoiate the monomial matries
Y (α, β)pq = ϑ(β)
ω(q)
ω(βq)
δαpp , (8)
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where p, q ∈ X . They satisfy the multipliation rule
Y (α1, β1)Y (α2, β2) =
ϑ(α2)ϑ(β1)
ϑ(α2β1)
Y (α1α2, β1β2), (9)
i.e. they form a projetive representation of G × G. If the WPA is assoiated
to some RCFT, then the ommutation rule of Y (α, β) with M representing the
SL(2,Z) element
(
a b
c d
)
on the spae of genus 1 holomorphi bloks is
M−1Y (α, β)M =
ϑ(α)b(c−a)ϑ(β)c(b−d)
ϑ(αβ)bc
Y (αaβc, αbβd). (10)
The trae of Y (α, β) gives a useful numerial desription of the equivalene
lasses of WPA-s
ΥΦ(α, β) = TrY (α, β) = ϑ(β)
∑
p∈FixΦ(α)
ω(p)
ω(βp)
, (11)
where FixΦ(α) is the subset of the support of Φ whose elements are xed by α.
The value of ΥΦ(α, β) is zero unless α, β ∈
√
G, so it is in fat a funtion on the
set
√
G×√G. For the oset WPA Φ =W [H, ξ] it is given as
ΥΦ(α, β) =
{
ξ(β)[G : H ] if α ∈ H,
0 otherwise.
(12)
For simple urrent WPA-s this funtion is related to the so-alled ommutator
oyle φp(α, β) (see [11℄) as Υ(α, β) =
∑
p φp(α, β). This fat, together with the
ommutation rule (10), implies that simple urrent WPA-s possess three additional
properties, given in [6℄. Galois invariane of Φ means that in its deomposition
(7) the multipliities of transitivesW [H, ξ] and W [H, ξl] are equal for all l oprime
to the exponent of G. Reiproity requires ΥΦ(α, β) = ΥΦ(β, α) for all α, β ∈ G.
Finally, boundedness is the property that |ΥΦ(α, β)| ≤ |FixΦ(α)∩FixΦ(β)|. WPA-s
satisfying Galois invariane, reiproity and boundedness are alled admissible.
Let us mention some interesting onsequenes of the admissibility onditions. It
follows from both Galois invariane or reiproity of Φ that the values ofΥΦ are inte-
gers. Galois invariane and reiproity implies that the expression ϑ(α)ϑ(β)ΥΦ(α, β)
depends only on the subgroup 〈α, β〉 generated by α and β (see Proposition 1). Con-
sequently, if Φ is admissible, then ΥΦ may be regarded as an integer valued funtion
on the set of subgroups of
√
G generated by at most two elements.
While the admissibility onditions have suh non-trivial onsequenes, they are
also simple enough for pratial use - being just linear equalities and inequalities
in terms of the multipliities ni if Φ is written as in (7). Linearity implies that the
diret sum of admissible WPA-s is again admissible. Thus, one denes irreduible
WPA-s as the admissible WPA-s that annot be written as a (non-trivial) diret sum
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of admissible WPA-s. The problem of nding admissible WPA-s is then redued to
the problem of nding irreduible WPA-s. Moreover, as another onsequene of the
linearity, there is only a nite number of irreduible WPA-s for any quadrati group
(G, ϑ). The last important step in the lassiation is that the irreduible WPA-s
of (G, ϑ) are in one-to-one orrespondene with those of (
√
G,
√
ϑ). Therefore, it is
enough onsider only fully degenerate quadrati groups, i.e. quadrati groups with√
G = G.
Although it is priniple possible to nd irreduible WPA-s of any quadrati group
(G, ϑ), in pratie the number of irreduible WPA-s - and thus the length of the
omputation - grows dramatially with the number of non-yli subgroups of G.
(A possible explanation of this is given after Proposition 2.) Therefore, there are
only a few examples where this has been arried out. In the next setion we give
a few examples of admissible WPA-s, whih will aid us later in the the solution of
admissibility onditions for yli quadrati groups.
3. Examples
In the following (G, ϑ) denotes a ompletely degenerate quadrati group. Reall
that in this ase ϑ is a ±1 valued harater of G. Let us also introdue some
notation: 1 denotes the trivial subgroup in any group, ξ0 the trivial harater, and
R the regular WPA W [1, ξ0].
Example 1. Let us rst onsider admissible WPA-s of lowest possible degree. The
one point transitive M = W [G, ϑ] has, aording to (12), ΥM (α, β) = ϑ(β). The
reiproity ondition is satised if and only if ϑ = ξ0. Otherwise, let
M =W [G, ϑ]⊕W [kerϑ, ξ0]. (13)
Using (12) and [G : kerϑ] = 2, one obtains
ΥM (α, β) =

3 if ϑ(α) = ϑ(β) = 1
−1 if ϑ(α) = ϑ(β) = −1
1 if ϑ(α) 6= ϑ(β).
Therefore, M is an admissible WPA of degree 3 (or degree 1 if ϑ = ξ0), and it
is alled the minimal admissible WPA of (G, ϑ). The admissible WPA assoiated
to the Ising model is the minimal admissible WPA of (Z2, ξ1), where ξ1 is the non-
trivial harater of Z2. However, if |G| > 2, the minimal admissible WPA does not
ontain R, and may not orrespond to a simple urrent WPA.
Example 2. Let us onsider the group G× Ĝ, where Ĝ is the group of homomor-
phisms from G to C∗, and introdue the natural quadrati form
ϑ(α, φ) = φ(α). (14)
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The quadrati group (G × Ĝ, ϑ) is non-degenerate,
√
G× Ĝ=1, therefore its only
transitive WPA is the regular ation R (of degree |G|2, with ω(α, φ) = ϑ(α, φ)),
whih is onsequently admissible. This is, atually, the quadrati group and the
simple urrent WPA assoiated to the holomorphi G orbifold model [14℄. It is easy
to see that ΥR = 0 exept ΥR((1, ξ0), (1, ξ0)) = |G|2.
Sine we are interested in admissible WPA-s of ompletely degenerate quadrati
groups, let us restrit the simple urrent group to the subgroup G ≃ G × {ξ0}.
On this subgroup the quadrati form (14) beomes trivial, thus we arrive at the
ompletely degenerate quadrati group (G, ξ0). In terms of the restrited quadrati
group, the regular ation branhes into orbits of the form Xφ = G × {φ}. It is
lear that XΦ falls in the equivalene lass of W [1, φ], therefore R branhes into
the following WPA of (G, ξ0)
R′ =
⊕
φ∈Ĝ
W [1, φ]. (15)
Note that ΥR′(α, β) = ΥR((α, ξ0), (β, ξ0)) = |G|2δα,1δβ,1 sine the elements
we have removed from the quadrati group had no xed points in the regular
ation, thus did not give a ontribution to ΥR (see 11). Therefore, R
′
satises the
reiproity and boundedness onditions. Galois invariane is obvious from (15), so
we may onlude that R′ is an admissible WPA. Finally, it is easy to see that the
diret sum (15) denes an admissible WPA even if the quadrati group is (G, ϑ),
where ϑ is any fully degenerate quadrati form.
Example 3. The last example is the ombination of the previous ones into a
general form. For a subgroup H < G let H0 denote H
⋂
kerϑ. As a generalization
of (13) and (15) let
A[H ] =
 ⊕
φ∈Ĝ,H<ker(ϑφ)
W [H,φ]
⊕
 ⊕
φ∈Ĝ,H0<ker(φ)
W [H0, φ]
 , (16)
if H 6= H0. If H = H0 the two terms in (16) are equal and only one of them
is needed. With this notation Example 1 orresponds to A[G] and Example 2 to
A[1]. It an be shown using (16) and (12) that ΥA[H](α, β) = [G : H ]2ΥM (α, β) if
α, β ∈ H , and is zero otherwise. The boundedness ondition is satised by A[H ]
as an equality: |ΥA[H](α, β)| = |Fix(α) ∩ Fix(β)|. Galois invariane an be seen
from (16), therefore A[H ] is admissible. It is alled the admissible oset WPA
orresponding to the subgroup H , sine this onstrution is the simplest way to
extend the oset WPA W [H, ξ] (with arbitrary ξ) to an admissible WPA. The aim
of the next setion is to prove Theorem 1, whih shows the important role played
by admissible oset WPA-s.
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4. Admissible oset WPA-s
Let us rst onsider properties of the funtion ΥΦ(α, β) assoiated to an admissi-
ble WPA Φ = (X,ω). Admissibility requires it to be integer valued and symmetri
in α and β but a stronger requirement an be given.
Proposition 1. If Φ is a WPA of the ompletely degenerate quadrati group (G, ϑ)
satisfying Galois invariane and reiproity, then ϑ(α)ϑ(β)ΥΦ(α, β) depends only
on the subgroup 〈α, β〉 generated by α and β.
Proof. Reiproity requires ϑ(α)ϑ(β)ΥΦ(α, β) to be invariant under (α, β)→ (β, α).
If one takes into aount that ΥΦ(α, β) is non-zero only for α, β ∈
√
G, then it is
easy to show using (11) that ϑ(α)ϑ(β)ΥΦ(α, β) is also invariant under (α, β) →
(α, αβ). These transformations together generate any base hange in the subgroup
〈α, β〉. 
Therefore, to an admissible WPA Φ we may assoiate a funtion ΥΦ(〈α, β〉) =
ϑ(α)ϑ(β)ΥΦ(α, β) dened on the subgroups of
√
G generated by at most two ele-
ments. For the admissible oset ation A[H ] the form of this funtion depends on
whether H < kerϑ:
ΥA[H](K) =

H < kerϑ H ≮ kerϑ
[G : H ]2 3[G : H ]2 if K < H0
− [G : H ]2 if K ≮ H0 but K < H
0 0 if K ≮ H,
(17)
where H0 = H ∩ kerϑ.
The boundedness ondition requires the absolute value of ΥΦ to be bounded by
the xed point funtion of the permutation ation orresponding to the WPA. For
yli subgroups this is a onsequene of reiproity and Galois invariane, as one
may show using Proposition 1.
Proposition 2. Let Φ be a WPA satisfying reiproity and Galois invariane. Then
ΥΦ(〈α〉) = ϑ(α)|Fix(α)|.
Proof. It follows from Proposition 1 that ΥΦ(〈α〉) is meaningful. Aording to (11)
ΥΦ(〈α〉) = ϑ(α)ΥΦ(α, 1) = ϑ(α)
∑
p∈Fix(α)
ω(p)
ω(p)
= ϑ(α)|Fix(α)|.

This Proposition shows that independent inequalities following from the bound-
edness ondition orrespond to non-yli subgroups of
√
G generated by two el-
ements. If we would onsider only yli quadrati groups then, aording to the
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previous Proposition, we ould omit the requirement of boundedness in the def-
inition of admissible WPA-s. This simplies the problem of nding irreduible
admissible WPA-s to a great extent. However, we shall not restrit ourselves to
yli quadrati groups yet, sine it is possible to formulate our main result in a
slightly more general setting. We all an admissible WPA (X,ω) of (G, ϑ) yli if
its stabilizer subgroups Gp < G (p ∈ X) are all yli.
Theorem 1. Suppose that Φ is a yli admissible WPA of (G, ϑ). Then Φ is
(equivalent to) a diret sum of admissible oset ations
Φ =
⊕
α∈G
nαA[〈α〉].
Proof. Let us onsider ΥΦ(H) for a yli admissible Φ. First, FixΦ(H) = ∅ if H is
not yli, and boundedness requires that also ΥΦ(H) = 0. Together with Propo-
sition 2 this means that for yli admissible WPA-s the boundedness ondition is
satised as an equality: |ΥΦ(H)| = |FixΦ(H)| (∀H < G).
Now, suppose that K < G is a subgroup whih is maximal with the property
ΥΦ(K) 6= 0, i.e. for any H > K but H 6= K ΥΦ(H) = 0. As we have seen,
suh a subgroup is neessarily yli, let K = 〈α〉. Our aim is to show that then
Φ = Φ1⊕A[〈α〉] where Φ1 is admissible (and learly also yli). This would prove
the theorem by indution on the degree of Φ.
Let us onsider transitive omponents of Φ ontributing to ΥΦ(α, ·). Aording
to (12) a transitive omponentW [Hi, ξi] ontributes to ΥΦ(α, ·) only if α ∈ Hi. The
maximality of 〈α〉 and |ΥΦ(H)| = |Fix(H)| (∀H < G) implies that if α ∈ Hi, then
Hi = 〈α〉. Thus, we may write Φ as Φ = Φ0 ⊕ Ψ, where Ψ =
⊕
k∈K mkW [〈α〉 , ξk]
and ΥΦ0(α, β) = 0 (∀β ∈ G). Let us onsider Ψ =
⊕
k∈K mkW [〈α〉 , ξk]. By the
denition of transitive ations ξk(α) = ϑ(α) (∀k ∈ K). Furthermore, if β /∈ 〈α〉,
then 0 = ΥΨ(α, β) =
∑
k∈K mkξk(β), where the rst equation follows from the
maximality of 〈α〉, and the seond from (12) . This allows us to express mk using
the orthogonality of haraters as
mk =
∑
β∈G
ΥΨ(α, β)ξk(β) =
∑
β∈〈α〉
ΥΨ(α, β)ϑ(β) =: n.
Note that n does not depend on ξk, thus
Ψ = n
⊕
ξ∈Ĝ,ξ(α)=ϑ(α)
W [〈α〉 , ξ]. (18)
In the ase 〈α〉 ∈ kerϑ the above is exatly Ψ = nA[〈α〉], and it only remains to
show that Φ0 is admissible. Sine Φ and Ψ satisfy reiproity and Galois invariane,
also does Φ0. It follows from the inequality |ΥΦ0(K)| ≤ |ΥΦ(K)| + |ΥΨ(K)| that
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ΥΦ0(K) = 0 if K is not yli. For yli subgroups the boundedness ondition is
satised by Proposition 2, therefore Φ0 is admissible.
It remains to nish the proof for 〈α〉 /∈ kerϑ. In that ase
nA[〈α〉] = Ψ⊕
 ⊕
ξ∈Ĝ,ξ(α)=1
nW [kerϑ, ξ]
 = Ψ⊕Ψ1. (19)
Therefore, we have to show that Φ0 = Φ1⊕Ψ1, with Ψ1 as above and Φ1 admissible.
The argument is similar as before. Note that we may hoose α suh that kerϑ∩〈α〉 =〈
α2
〉
(reall that ϑ is a ±1 valued harater). We may repeat the argument given
at the beginning of the proof to show that the only transitive omponents of Φ0
ontributing to ΥΦ0(α, α
2) are of type W [〈α2〉 , ξk] and ξk(α2) = ϑ(α2) = 1, so
either ξk(α) = 1 or ξk(α) = −1. Similarly as before, it follows from ΥΦ0(α2, β) = 0
(∀β /∈ 〈α〉) that
Φ0 = Φ1 ⊕
 ⊕
ξ∈Ĝ,ξ(α)=−1
k · W [〈α2〉 , ξ]
⊕
 ⊕
ψ∈Ĝ,ψ(α)=1
l · W [〈α2〉 , ψ]
 . (20)
Note, by omparing (19) and (20) that what we want to show is l ≥ n. In order
to prove this we have to onsider the reiproity ondition for ΥΦ(α
2, α). It follows
from (18) that ΥΨ(α
2, α)−ΥΨ(α, α2) = −2n[G : 〈α〉]2. Then, the reiproity of Φ
implies that ΥΦ0(α
2, α) − ΥΦ0(α, α2) = ΥΦ0(α2, α) = 2n[G : 〈α〉]2. With the use
of (20) and ΥΦ1(α
2, α) = 0 we get ΥΦ0(α
2, α) = 2(l − k)[G : 〈α〉]2. Sine l and k
are positive this implies l ≥ n, whih means that
Φ = Φ2 ⊕ n · A[〈α〉].
We may nish the proof , by showing (similarly as before) that Φ2 is admissible. 
The above theorem proves the irreduibility of yli admissible oset ations
as follows. Suppose, that in ontrary A[〈α〉] = Φ1 ⊕ Φ2, where Φ1 and Φ2 are
admissible. Then either Φ1 or Φ2 satises the onditions of the theorem, with
〈α〉 as a maximal subgroup, therefore equals A[〈α〉]. It also proves that the only
irreduible admissible WPA-s among the yli WPA-s are the yli admissible
oset WPA-s. The irreduibility of non-yli admissible oset WPA-s may be
proven with a slight modiation of the argument used in the proof.
As the most important appliation of Theorem 1, let us onsider a ompletely
degenerate yli quadrati group (Zn, ϑ). Aording to Theorem 1 its admissible
WPA-s are of the form:
Φ =
⊕
l|n
mlA[Hl], (21)
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where we denoted by Hl the order l subgroup of Zn ( where l divides n).
The admissible oset ations in (16) depend on the ompletely degenerate qua-
drati form ϑ. This is determined by its value on any generator of Zn, let α denote
any of them. If ϑ(α) = 1, i.e. α is an integer spin simple urrent, then ϑ is the
trivial harater. In this ase the admissible oset WPA A[Hl] is of degree (n/l)2.
Note that the only irreduible ontaining the regular WPA R is A[1] (of degree n2),
whih is Example 2 of Setion 3.
The other possibility is ϑ(α) = −1, i.e. α is a half-integer spin simple urrent.
This implies that α is of even order, n = 2k, and kerϑ = Hk. In that ase the
admissible oset ation A[Hl] is of degree (n/l)2 if Hl < Hk = kerϑ, i.e. if l divides
k. However, if l does not divide k (whih means that n/l is odd) the admissible
oset WPA A[Hl] is of degree 3(n/l)2 (see (17)). The regular WPA still appears
only in A[1], exept if the quadrati group is (Z2, ξ1) when the order 3 admissible
oset WPA A[Z2] ontains it as well.
In the general ase, when G is not a yli group, the admissible oset ations
orresponding to its subgroups give only a part of its irreduible WPA-s. In that
ase we may apply the result obtained for yli groups if we restrit the quadrati
group to any of its yli subgroups. Let us illustrate this on an example. Let (G, ϑ)
be a (non-yli) fully degenerate quadrati group of order N and let the exponent
of G be k. Then there exists an order k yli subgroup of G - let us denote any
of these by H . The primaries of any RCFT whose simple urrent group is G have
to ontain a G orbit equivalent to the regular WPA R = (G, ϑ). What an we
say about admissible WPA-s ontaining R in this general ase? If we restrit the
simple urrent group to (H,ϑ|H), then R branhes into [G : H ] = N/k opies of
the regular WPA R′ = (H,ϑ|H). The only irreduible of H ontaining R′ is the
oset WPA A[1] (exept if (H,ϑ|H) = (Z2, ξ1) - we shall deal with that ase later),
whih is of order k2. Therefore, any admissible WPA of (G, ϑ) whih ontains the
regular ation should ontain, if restrited to (H,ϑ|H), N/k opies of A[1], thus it
has to be at least of degree Nk. Finally, let us onsider the ase (H,ϑ|H) = (Z2, ξ1)
- then the exponent of G is 2, so G = Zn2 , but if n ≥ 2 it is possible to hoose H to
be a subgroup on whih ϑ is the trivial harater. Therefore, the only exeption is
G = (Z2, ξ1).
5. Summary
Quadrati groups and their weighted permutation ations are the mathematial
objets orresponding to simple urrent symmetries in RCFT. WPA-s of an arbi-
trary quadrati group an be lassied as a diret sum of transitive oset ations.
Those WPA-s that are assoiated to simple urrents have to satisfy additional on-
straints: Galois- invariane, reiproity and boundedness. To solutions of these
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onditions, i.e. admissible WPA-s of a given (ompletely degenerate) quadrati
group, are generated by a nite number of irreduible WPA-s. In Setion 3 we
have onsidered some examples of irreduible WPA-s - the rst was motivated by
the Ising model, the seond by holomorphi orbifold models of abelian groups. The
generalization of these, given in Example 3, leads to a onstrution that extends a
transitive oset WPA to an irreduible WPA - this way one obtains an irreduible
WPA orresponding to eah subgroup of the quadrati group (see (16)). Proposi-
tions 1 and 2 implied that the number of independent inequalities orresponding
to the boundedness ondition equals the number of (non-yli) subgroups of the
quadrati group generated by two elements. This suggests that the simplest ase is
that of yli quadrati groups, or more generally, yli admissible WPA-s. Theo-
rem 1 states that these are in fat generated by admissible oset WPA-s onstruted
in Example 3. As a speial ase, the admissible WPA-s of ompletely degenerate
yli quadrati groups an be given in the form (21). This result an be applied
whenever the simple urrent group of the RCFT ontains an order n simple urrent
of integral or half-integral spin to arrange the primaries of the theory in multiplets
that in general onsist of several simple urrent orbits. As we have disussed after
(21) the length of these multiplets is k2 (where k is any divisor of n) if the simple
urrent is of integer spin or k is even, and 3k2otherwise. Our results an be applied
even if the quadrati group is not yli, through onsidering branhing rules to
some yli subgroup. We illustrated this on the orbit orresponding to the va-
uum, whih led to a lower bound of the number of primaries Nk, where N is the
order and k the exponent of the radial of the simple urrent group. Note that a
degree N2 admissible WPA always exists - it is the admissible oset WPA A[1].
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